The effect of losses on the visibility of mesoscopic entanglement states is analyzed on the basis of a recently proposed generation scheme which amplifies a quantum seed through stimulated down-conversion. The visibility of the entanglement is shown with the amplifier working above threshold, for short interaction times.
I. INTRODUCTION
The recent developments in quantum optics and light manipulation of atoms and ions have renewed interest in the basic laws of quantum mechanics, with the main focus on the superposition principle and the existence of nonlocal correlations among separate systems, the so-called ''entanglement.'' The superposition principle and the entanglementthe two inherent quantum features that are the basis of the quantum information technology ͓1͔-have been extensively studied both theoretically and experimentally ͓2͔, leading to the new concept of ''quantum teleportation'' that has been recently demonstrated in several experiments ͓3͔. These research lines motivated the search for methods of preparation and measurement of quantum states ͓4͔. While quantum tomography ͓5͔ certainly represents a solution to the measurement problem, the state-preparation issue is still under way. For entangled ''twin beams'' of radiation, parametric downconversion represents the ideal state-preparation tool ͓6͔, and these states have been used in a series of quantum mechanical tests, including Bell's inequalities ͓7͔ and secure key distribution ͓8͔. However, both problems of generation and measurement become very difficult when the superposition/ entanglement involves ''mesoscopic'' states-the issue of the Schrödinger-cat states-because such superpositions are very fragile to any kind of noise. In Ref. ͓9͔ a scheme has been proposed for generating mesoscopic entangled superpositions, based on quantum injection into a non-degenerate parametric amplifier operating in an entangled configuration. This scheme has been analyzed in the case of parametric oscillations, with nonlinear crystals placed in optical cavities ͓10͔. The scheme has been improved in Refs. ͓11,12͔, where the dynamics of the amplifier is restricted to two modes only-the signal and the idler-that share the entanglement on their wave vectors, with the seed photon injected in a way that makes signal and idler paths indistinguishable. Since this improved scheme is very promising, in principle, for the generation of mesoscopic entanglement, the crucial effect of noise in the measurement stage needs to be analyzed. Here, in this paper, we study the effect of losses on the visibility of such mesoscopic entanglement, and show that a realistic amplification process preserves the path indistinguishability while enhancing to mesoscopic scale the number of photons at the output. This leads to the generation of a mesoscopic superposition that is quite robust against decoherence.
In Sec. II we briefly review the generation scheme in the absence of losses. There, we also suggest a feasible measurement to reveal the output mesoscopic superposition. The realistic amplification process is analyzed in Sec. III, taking into account the effects of losses. The whole state generation is numerically studied by means of Monte Carlo simulations. The appearance of mesoscopically entangled superpositions at the output, and their robustness against decoherence are demonstrated. Section IV closes the paper with some concluding remarks.
II. THE IDEAL DYNAMICS
In this section we briefly review the scheme of Refs. ͓11,12͔ for generating mesoscopic entanglement through stimulated down-conversion of a quantum seed. The seed is obtained as a result of state reduction on a down-converted pair of photons by a triggering photodetector. In addition, an effective measurement scheme is suggested to reveal the mesoscopic quantum superposition at the output.
A. Generation of the seed state
A nondegenerate optical parametric amplifier ͑NOPA͒ consists of a (2) nonlinear optical crystal cut for type-I phase matching. The crystal couples two modes with the same polarization according to the effective Hamiltonian
where represents the effective nonlinear coupling, and a and b denote modes with wave vectors satisfying the phasematching condition k ជ a ϩk ជ b ϭk ជ p , k ជ p being the wave vector of the pump. For weak pumping and short interaction time , the state exiting the NOPA by spontaneous down-conversion ͑SPDC͒ is approximated by
where ͉0͘ denotes the vacuum state and ͉n͘ i the state with n photons in the ith mode. Let us now consider the conditional measurement scheme depicted in the left part of Fig. 1 . One of the down-converted beams is probed by the photodetector D, and after reduction ͑on successful photodetection͒, the mode b enters a 50/50 beam splitter ͑BS͒, so that the resulting state can be written as ͑see Fig. 1͒ ͉⌽͘ϭ 1 ͱ2
where ␦ is a tunable phase shift which results from the difference in the optical paths of modes b and c. Notice that the BS scatters the impinging photon into two directions with equal probability amplitude, thus making the two possible paths of the photon indistinguishable. As shown in the following, such path indistinguishability plays the role of a quantum seed, which makes the parametric amplification of the state ͑3͒ a source of mesoscopically entangled quantum superpositions.
B. From path indistinguishability to mesoscopic entanglement
In the following we analyze the parametric amplification which takes place in the second crystal of the scheme in Fig.  1 . For this crystal the input signal is not the e.m. vacuum, but the single-photon state of Eq. ͑3͒. Therefore, we are dealing with a kind of stimulated down-conversion process. After the beam splitter, the two modes of Eq. ͑3͒ can be directed to the second crystal with the proper wave vectors in order to satisfy phase-matching conditions. In such a way, the relevant dynamics in the second crystal involves modes b and c, according to the NOPA interaction Hamiltonian
The use of the balanced beam splitter before the second crystal is a relevant point of the method. On one hand, it allows us to restrict the relevant NOPA dynamics to two modes only; on the other hand, it is the key ingredient to make the two paths for the photon indistinguishable, thus leading to the initial quantum seed described in Eq. ͑3͒. Notice that in the schemes of Refs. ͓9,10͔ four modes are involved in the amplification stage. The presence of many modes makes the effect of losses more detrimental, thus leading to a more stringent decoherence. For this reason, the schemes of Refs. ͓11,12͔ and the present one should be more effective in generating mesoscopic quantum superpositions.
The amplifier described by Hamiltonian Ĥ is characterized by the gain G, which is given by Gϭcosh 2 (), being the interaction time. In the case of ideal amplification ͑no losses͒, the state at the output writes
The state in Eq. ͑4͒ describes two highly correlated and spatially separated beams. For large enough gain it represents a kind of mesoscopically entangled quantum superposition, whose mean photon number is given by ͗⌽ OUT ͉b † bϩc † c͉⌽ OUT ͘ϭ4GϪ3.
͑5͒
We now evaluate the two-mode Wigner function, which is defined as follows:
FIG. 1. Schematic diagram of the setup for the generation of mesoscopically entangled quantum superpositions by parametric amplification of a single photon state prepared in a way that makes signal and idler paths indistinguishable. In the first part a single-photon state is prepared by a conditional measurement on a spontaneously down-converted ͑SPDC͒ beam. The input state for the second crystal is thus given by ͉⌽͘ϭ(1/ͱ2)͕͉1͘ b ͉0͘ c ϩe i␦ ͉0͘ b ͉1͘ c ͖. This quantum injection triggers a stimulated down-conversion process ͑STDC͒ which leads to the desired mesoscopic quantum superposition. Both spontaneous and stimulated down-conversion take place in nondegenerate optical amplifiers ͑NOPA͒ consisting of nonlinear (2) crystals cut for type-I phase matching. In the last stage of the setup the output beams from the second crystal are mixed in a beam splitter ͑BS͒ and then detected. The mean value of the difference photocurrent gives the second-order correlation function C (2) defined in Eq. ͑11͒ of the text.
In Eq. ͑6͒ the variables (x 1 ,y 1 ) and ( 
where X 1 ϭx 1 cos ␦ϩy 1 sin ␦,
͑8͒
Y 1 ϭϪx 1 sin ␦ϩy 1 cos ␦.
As can be easily checked, the Wigner function in Eq. ͑7͒
shows negative values in a sizable region of the phase space, thus revealing the genuine nonclassical nature of the state resulting from stimulated down-conversion ͓9,12͔. The high degree of entanglement of ͉⌽ OUT ͘ is revealed also by the two-mode photon number distribution, which, for any value of the phase shift ␦, reads as follows:
where ␦ kl denotes the Kronecker delta. The two-mode number probability P(n,m) is reported in Fig. 2 for two different values of the gain G. The high degree of correlations in P(n,m) is apparent. Notice that the location of the peaks linearly increases with the gain G. It should be emphasized that the distributions in Fig. 2 are very different from the corresponding distribution of the so-called twin-beam state
which results from spontaneous down-conversion. In the case of the twin beam state the number distribution P(n,m) is just a two-mode thermal distribution P(n,m) ϭ␦ m,n G Ϫ1Ϫn (GϪ1) n , and the quantum correlation involves only the photon number fluctuations, which are amplified by the down-conversion process. Actually, the Wigner function of the twin beam ͑i.e., the output state without the quantum injection͒ is positive over the whole phase space.
As a measurement scheme to check the generation of the mesoscopic superposition ͉⌽ OUT ͘, we suggest the detection of the second-order correlation function
which can be accomplished by the following interference experiment. The output beams from the amplifier are mixed in a 50/50 balanced BS, and then the difference photocurrent is detected, as in a customary homodyne detection scheme ͑see Fig. 1͒ . Using Eq. ͑4͒ it results
that is, one has interference fringes with amplitude and modulation that depend on the amplification gain and on the optical paths of the input beams, respectively. It is worth noticing that without quantum injection, i.e., for the twinbeam state, there is no interference effect, and one has
͑13͒
The effect of nonunit quantum efficiency of the photodetectors is simply a rescaling of the output photocurrent C
ϭC (2) .
FIG. 2. The two-mode photon distribution P(n,m) for two different values of the gain G, Gϭ2 on the left and Gϭ5 on the right. EFFECT OF LOSSES ON THE VISIBILITY OF . . . PHYSICAL REVIEW A 61 063813
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III. DYNAMICS OF THE STIMULATED DOWN-CONVERSION PROCESS
In the previous section we analyzed the stimulated downconversion process in the ideal case of perfect amplification, namely without taking into account the effects of losses. Here, we consider a more realistic situation and study whether the state ͉⌽ OUT ͘ of Eq. ͑4͒ can be actually approached when losses unavoidably introduce decoherence effects. The realistic amplification process is described in terms of the two-mode Master equation
where ˆt ϵ ˆ( t), Ĥ is the NOPA interaction Hamiltonian, ⌫ denotes the damping rate, and L͓Ô ͔ is the Lindblad superoperator
which describes the effect of losses. The Hamiltonian Ĥ in the Master equation ͑14͒ strongly correlates the two modes. However, the unitary transformation
''disentangles'' the Hamiltonian Ĥ into two single-mode squeezing Hamiltonians, namely,
At the same time, the sum of the Lindblad terms is left unchanged ͓13͔ by the transformation ͑15͒, namely,
Therefore, the solution ˆt of Eq. ͑14͒ can be written as where denotes the rescaled time ϭ⌫t, and the drift terms ␥ ϩ and ␥ Ϫ are given by
͑21͒
Notice the asymmetric drift terms in Eq. ͑20͒, which account for the squeezing terms in the Master equation ͑19͒. The solution of Eq. ͑20͒ can be written as
where W 0 Ј(x 1 ,y 1 ;x 2 ,y 2 ) is the Wigner function at ϭ0, and the Green functions G (x j ͉x j Ј) are given by
Remarkably, the diffusion coefficients j 2 remains positive for all times, both below (2Ͻ⌫) and above (2Ͼ⌫) threshold. However, from the physical point of view, Eq. ͑20͒ provides a good description of the amplifier above threshold only for short times, namely when saturation effects can be neglected. Of course, Eq. ͑20͒ admits a stationary solution only below threshold: such a solution can be easily derived from Eqs. ͑21͒ and ͑22͒ and, independently on the initial state, it has the Gaussian form
corresponding to the ͑factorized͒ squeezed thermal density matrix given by
In Eq. ͑25͒ Ŝ a (r)ϭexp͓(r/2)(a †2 Ϫa 2 )͔ denotes the squeezing operator for mode a, whereas aN is the density matrix of a thermal state with N thermal photons
Both the squeezing parameter r and the thermal photon number N in Eq. ͑25͒ only depend on the ratio between 2 and ⌫, in formula
The stationary solution ˆs tat for the original Master equation ͑14͒ can be obtained through Eq. ͑16͒, and it is given by
Let us now consider the more interesting case of amplification above threshold. Fig. 3 we report the two-mode number probability P(n,m) which, in terms of the Wigner function, reads 
L n ͓x͔ being the nth Laguerre polynomial. The plot is obtained for a threshold ratio 2/⌫ϭ30, and for ␦ϭ0. The effectiveness of the amplification process above threshold is apparent. We have chosen a short interaction time in order to have saturation effects negligible. Notice that the main effect of losses is the appearance of additional subdiagonal terms, however, as compared to Fig. 2 , without affecting the high correlation between the two modes. On the other hand, the amplification below threshold cannot stem the detrimental effect of losses, and the field state rapidly approaches the thermal-squeezed state of Eq. ͑25͒. By varying the optical paths of the input beams, namely the value of ␦, we have also evaluated the correlation function C (2) defined in Eq. ͑11͒. In Fig. 4 we report C (2) for different values of the FIG. 3 . The two-mode photon distribution P(n,m) for ␦ϭ0 and for 2/⌫ϭ30. The corresponding interaction time is given by ϭ0.1. We report two views of the distribution. In comparison with the ideal case of Fig. 2 the main effect of losses is the appearance of subdiagonal terms, however, without affecting the high correlation between the modes. effective gain 2⌫/. By inspecting the dependence of C (2) on the phase shift ␦ in Fig. 4 one immediately argues that in a wide range of working regimes the effects of losses does not wash out the interference fringe.
IV. CONCLUSIONS
In this paper we analyzed the effect of losses on the visibility of mesoscopically entangled superpositions generated by stimulated down-conversion according to the schemes proposed in Ref. ͓11͔. The setup relies on feeding a nondegenerate parametric amplifier by a quantum seed, which is a single-photon state with indistinguishable signal and idler paths. At the output of the amplifier we have an entangled state, with the entanglement shared by a couple of spatially separated field modes. In the experiment currently running in the Quantum Optics Laboratory of the University of Roma ͑adopting a 0.5 W Ti: sapphire MIRA coherent laser͒ the value of the gain ranges from 0.01 to 0.1 depending on the state of focalization of the uv pump beam. After the adoption ͑in the near future͒ of an additional regenerative parametric amplifier, the value of the gain will be further multiplied by a factor of about 20. We analyzed the full amplification process taking into account the effects of losses. We have shown that the preparation of mesoscopic entanglement works effectively with the amplifier above threshold, for short interaction times. The resulting superposition is robust against decoherence and can be revealed by a simple interference measurement.
